Let R be an artin ring and Θ = {Θ(1), Θ(2), · · · , Θ(n)} be a family of objects in an artin extriangulated R-category (C, E, s) such that E(Θ(j), Θ(i)) = 0 for all j ≥ i. In this paper, we show that the class P(Θ) of the Θ-projective objects is a precovering class and the class I(Θ) of the Θ-injective objects is a preenveloping one in C. Furthermore, if C has enough projectives and enough injectives, we show that the subcategory F(Θ) of Θ-filtered objects is functorially finite in C. As an appliacation, this generalizes the works by Ringel in a module category case and Mendoza-Santiago in a triangulated category case.
Introduction
Let X and Y be classes of objects in an additive category C. A morphism f : X → C in C is said to be an X -precover of C if X ∈ X and Hom C (X ′ , f ) : Hom C (X ′ , X) → Hom C (X ′ , C) is surjective, for any X ′ ∈ X . If any C ∈ Y admits an X -precover, then X is called a precovering class in C. By duality, we can define the notions of an X -preenvelope of C and a preenveloping class in C. It is said that X is functorially finite in C if X is both precovering and preenveloping in C. For more details, see [AR] .
Let Λ be an Artin algebra and mod(Λ) the category of finitely generated left Λ-modules.
Assume that Θ = {Θ(1), Θ(2), · · · , Θ(n)} is a finite set of Λ-modules with Ext 1 Λ (Θ(j), Θ(i)) = 0 for j ≥ i. We denote by F(Θ) the full subcategory of mod(Λ) of modules having a filtration with factors in Θ. Thus, M belongs to F(Θ) if and only if M has submodules 0 = M 0 ⊆ M 1 ⊆ · · · ⊆ M t = M such that M s /M s−1 is isomorphic to a module in Θ.
Ringel showed the following well-known result. Note that in this way we obtain a large variety of functorially finite subcategories of mod(Λ) which usually will not be closed under submodules or factor modules.
Theorem 1.1. [R, Theorem 1] The subcategory F(Θ) is functorially finite in mod(Λ). ⋆ Panyue Zhou is supported by the National Natural Science Foundation of China (Grants No. 11901190 and 11671221) and the Hunan Provincial Natural Science Foundation of China (Grants No. 2018JJ3205 ).
Let R be an artin ring and X be a class of objects in an artin triangulated R-category C.
It is said that an object M ∈ C admits an X -filtration if there exists a family of distinguished triangles η = {η i :
such that M −1 = 0 = X 0 , M n = M and X i ∈ X for any i ≥ 1. We denote by F(X ) the class of objects M ∈ C for which there exists an X -filtration.
Mendoza-Santiago proved a triangulated version of Ringel's theorem.
Theorem 1.2. [MS, Theorem 4 .10] Let Θ = {Θ(1), Θ(2), · · · , Θ(n)} be a family of objects in an artin triangulated R-category C such that Hom C (Θ(j), Θ(i)[1]) = 0 for all j ≥ i. Then the subcategory F(Θ) is functorially finite in C.
Extriangulated categories were recently introduced by Nakaoka and Palu [NP] by extracting those properties of Ext 1 on exact categories (which is itself a generalisation of the concept of a module category and an abelian category) and on triangulated categories that seem relevant from the point of view of cotorsion pairs. In particular, exact categories and triangulated categories are extriangulated categories. There are a lot of examples of extriangulated categories which are neither exact triangulated categories nor triangulated categories, see [NP, ZZ, HZZ] .
Hence, many results hold on exact categories and triangulated categories can be unified in the same framework.
Motivated by this idea, we replace E-triangles in extriangulated categories with distinguished triangles in triangulated categories to define the subcategory F(Θ). We can unify Ringel's result and Mendoza-Santiago's result under the framework of extriangulated categories. Our first main result is the following. Theorem 1.3. (See Theorem 3.11 for more details) Let (C, E, s) be an artin extriangulated R-category with enough projectives and enough injectives, and Θ = {Θ(1), Θ(2), · · · , Θ(n)} be a family of objects in C such that E(Θ(j), Θ(i)) = 0 for all j ≥ i. Then the subcategory F(Θ) is functorially finite in C.
Moreover, we also define the notions of Θ-projective objects and Θ-injective objects in an extriangulated category C, see Definition 3.14. Our second main result is the following.
Theorem 1.4. (See Theorem 3.17 for more details) Let be Θ = {Θ(1), Θ(2), · · · , Θ(n)} be a family of objects in an artin extriangulated R-category (C, E, s) such that E(Θ(j), Θ(i)) = 0 for all j ≥ i. Then the class P(Θ) of the Θ-projective objects is a precovering class and the class I(Θ) of the Θ-injective objects is a preenveloping one in C.
This paper is organised as follows:
In Section 2, we review some elementary definitions on extriangulated categories.
In Section 3, we show the first main result and second one.
Preliminaries
Let us briefly recall the definition and basic properties of extriangulated categories from [NP] .
Let C be an additive category. Suppose that C is equipped with a biadditive functor
where Ab is the category of abelian groups. For any pair of objects A, C ∈ C, an element δ ∈ E(C, A) is called an E-extension. Thus formally, an E-extension is a triplet (A, δ, C). Let (A, δ, C) be an E-extension. Since E is a bifunctor, for any a ∈ C(A, A ′ ) and c ∈ C(C ′ , C), we have E-extensions
We abbreviately denote them by a * δ and c * δ. For any A, C ∈ C, the zero element 0 ∈ E(C, A)
is called the spilt E-extension. 
be coproduct and product in B, respectively. Since E is biadditive, we have a natural isomor-
be the element corresponding to (δ, 0, 0, δ ′ ) through the above isomorphism. This is the unique element which satisfies
Let A, C ∈ C be any pair of objects. Sequences of morphisms in C
are said to be equivalent if there exists an isomorphism b ∈ C(B, B ′ ) which makes the following diagram commutative.
For any A, C ∈ C, we denote 0
For any two equivalence classes, we denote
Definition 2.3. [NP, Definition 2.9] Let s be a correspondence which associates an equivalence class s(δ)
. This s is called a realization of E, if it satisfies the following condition:
Then, for any morphism (a, c) :
In the above situation, we say that the triplet (a, b, c) realizes (a, c).
Definition 2.4. [NP, Definition 2.10] A realization s of E is called additive if it satisfies the following conditions.
(1) For any A, C ∈ C, the split E-extension 0 ∈ E(C, A) satisfies s(0) = 0.
(2) For any pair of E-extensions δ ∈ E(C, A) and
holds.
Definition 2.5. [NP, Definition 2.12] A triplet (C, E, s) is called an externally triangulated category (or extriangulated category for short) if it satisfies the following conditions:
(ET2) s is an additive realization of E.
/ / E , which satisfy the following compatibilities.
We use the following terminology.
Definition 2.6. [NP] Let (C, E, s) be an extriangulated category.
In this case, x is called an inflation and y is called a deflation.
(
an E-triangle, and write it in the following way.
We usually do not write this "δ" if it is not used in the argument.
We denote the subcategory of projective objects by P ⊆ C. Dually, the subcategory of injective objects is denoted by I ⊆ C.
(5) We say that C has enough projective objects if for any object C ∈ C, there exists an
We can define the notion of having enough injectives dually.
Now we give some basic facts that will be used later.
Lemma 2.7. [NP, Corollary 3.5 ] Assume that C is an extriangulated category. Let
Then a factors through x if and only if a * δ = c * δ ′ if and only if c factors through y ′ . In particular, we obtain x is a split monomorphism ⇐⇒ δ splits ⇐⇒ y is a split epimorphism.
Lemma 2.8. [LN, Proposition 1.20 ] Let C be an extriangulated catgeory and
be an E-triangle in C. Then for every morphism a : A → X, there exists a commutative diagram
Assume that (C, E, s) is an extriangulated category. By Yoneda's lemma, any E-extension
For any X ∈ C, these (δ ♯ ) X and δ ♯ X are given as follows:
When there is no danger of confusion, we will sometimes instead of
write the simplified form:
Lemma 2.9. Let C be an extriangulated category,
an E-triangle. Then we have the following long exact sequence:
Proof. This follows from Proposition 3.3 and Proposition 3.11 in [NP] .
Let R be a commutative ring. Recall that an R-category is a category C satisfying the following two conditions: (a) for any pair X, Y of objects in C, the set of morphisms Hom C (X, Y )
is an R-module, and (b) the composition of morphisms in C is R-bilinear. An R-category C is called Hom-finite if Hom C (X, Y ) is a finitely generated R-module, for any X, Y ∈ C. An extri-
for any X, Y ∈ C. An additive category is Krull-Schmidt if each of its objects is the direct sum of finitely many objects with local endomorphism rings. It follows that these finitely many objects are indecomposable and determined up to isomorphism. (1) Let Λ be an artin R-algebra. It is well known that mod(Λ) is an artin exact R-category.
It can be viewed as an artin extriangulated R-category.
(2) Let Λ be an artin R-algebra. It is well-known that the bounded derived category D b (Λ) of complexes in mod(Λ), is an artin triangulated R-category, see [CYZ, Theorem B.2] . It can be viewed as an artin extriangulated R-category. We know that the extension closed subcategory of a triangulated category (See [NP, Remark 2.18] ) is an extriangulated category, but it is not exact nor triangulated. Thus we take an extension closed subcatgory B of D b (Λ), we get that B is an artin extriangulated R-category.
The following construction is usually called the universal extension.
Lemma 2.12. Let C be an artin extriangulated R-category, and let A, C ∈ C be such that E(C, A) = 0. Then we have the following conditions hold.
(a) There exists a not splitting E-triangle in C
Proof. The proof given in [MS, Lemma 3.4] can be adapted to the context of extriangulated categories.
Filtered objects
Let (C, E, s) be an extriangulated category and X be a class of objects in C. It is said that an object M ∈ C admits an X -filtration if there exists a family of E-triangles
such that M −1 = 0 = X 0 , M n = M and X i ∈ X for i ≥ 1. In this case, we define two lengths: ℓ X ,η (M ) := n and ℓ X (M ) := min{ℓ X ,η (M ) | η is an X -filtration of M }. We denote by F(X ) the class of objects M ∈ C for which there exists an X -filtration.
We have two left and two right perpendicular classes of X to be ⊥ X := {A ∈ C | Hom C (A, X) = 0, for any X ∈ X }; X ⊥ := {A ∈ C | Hom C (X, A) = 0, for any X ∈ X }; E ⊥ X := {A ∈ C | E(A, X) = 0, for any X ∈ X }.
For two classes X and Y of objects in C, we denote by X * Y the class of objects A ∈ C for
is said that X is closed under extensions if X * X ⊆ X .
Remark 3.1. Let (C, E, s) be an extriangulated category and X a class of object in C. Then we have the following statements hold.
(1) F(X ) = n∈N F n (X ), where F 0 (X ) := {0} and F n (X ) := F n−1 (X ) * X for any n ≥ 1.
(2) ℓ X (M ) = min {n ∈ N | M ∈ F n (X )} for any M ∈ F(X ).
Lemma 3.2. Let C be an extriangulated category and X a class of objects in C. Then the class F(X ) is closed under extensions. In particular, it is closed under finite direct sums.
Proof. Assume that A → B → C is an E-triangle in C with A and C in F(X ). The proof will be completed by induction on n := ℓ X (C).
If C = 0, we have A ≃ B and then B ∈ F(X ).
If ℓ X (C) = 1, we have C ≃ X ∈ X , and therefore an X -filtration of B can be done by
Now we suppose ℓ X (C) > 1. We consider a minimal X -filtration of C,
By (ET4) op , we have the following commutative diagram
It follows that ℓ X (C n−1 ) < ℓ X (C). Applying induction to the first row of the above diagram, we have that B n−1 ∈ F(X ). Hence, an X -filtration of B is given by adding the E-triangle B n−1 → B → X n to an X -filtration of B n−1 . This completes the proof.
Lemma 3.3. Let C be an extriangulated category, Y and Z two classes of objects in C.
(1) If Hom C (Y, Z) = 0, then Hom C (F(Y), F(Z)) = 0.
(2) If E(Y, Z) = 0, then E(F(Y), F(Z)) = 0.
Proof.
(1) Suppose that N ∈ F(Y) and M ∈ F(Z). We will show that Hom C (N, M ) = 0 by induction on ℓ Y (N ). Without loss of generality, we also can assume M = 0 and N = 0.
If ℓ Y (N ) = 1 then N ≃ Y ∈ Y and so it can be seen that Hom C (N, M ) = 0 by induction on ℓ Z (M ).
Suppose that n := ℓ Y (N ) > 1. Then there exists an E-triangle
Applying the functor Hom C (−, M ) to the above E-triangle η n , we have the following exact sequence
By induction, we get that Hom C (N n−1 , M ) = 0 = Hom C (Y n , M ), and so Hom C (N, M ) = 0.
(2) The proof is similar to (1).
Lemma 3.4. Let C be an extriangulated category and X a class of objects in C. Then ⊥ X = ⊥ F(X ) and E ⊥ X = E ⊥ F(X ).
Proof. We only show that ⊥ X = ⊥ F(X ). Similarly, one can show that E ⊥ X = E ⊥ F(X ).
It suffices to show that ⊥ X ⊆ ⊥ F(X ), since the other side inclusion ⊥ F(X ) ⊆ ⊥ X follows easily from the fact that X ⊆ F(X ).
Suppose M ∈ ⊥ X and N ∈ F(X ). By Lemma 3.3, we have that Hom C (M, N ) = 0 since Hom C (M, X ) = 0. It follows that Y ∈ ⊥ F(X ) and then ⊥ X ⊆ ⊥ F(X ) as required.
Lemma 3.5. Let C be an extriangulated category. If there are two E-triangles
such that E(V, U ) = 0, then there exist two E-triangles as follows
Proof. By (ET4), we have the following commutative diagram
and hence we get the following splitting E-triangle
obtain the following commutative diagram
Lemma 3.6. Let C be an extriangulated category and A ∈ C with E(A, A) = 0, and let
be a family of E-triangles. Then there exists an E-triangle
for any k ∈ [1, n] := {1, 2, · · · , n} for any n ∈ Z + .
Proof. We will proceed by induction on k. For k = 1, we can choose that ξ 1 := η 1 is the required E-triangle.
If k > 1. we assume that there exists ξ k−1 . By (ET4), we get the following commutative (2) The family η is ordered, that is,
with Θ(k 0 ) := 0, M −1 := 0 and k n ≤ k n−1 ≤ · · · ≤ k 1 .
is the set consisting of the different Θ(j) appearing in the Θ-filtration ξ of M.
Proof. This is similar to the proof of Proposition 4.7 in [MS] .
Let ξ be a Θ-filtration of M ∈ F(Θ). If M = 0, this result is trivial. Now we assume M = 0.
We begin to show that (1) and (2) by induction on n := ℓ Θ,ξ (M ).
If n = 1, the Θ-filtration ξ is already ordered and hence η := ξ satisfies the required conditions.
Suppose n ≥ 2 and ξ := {ξ i :
If k n ≤ k ′ n−1 , then η := η ′ ∪ {ξ n } satisfies the required conditions. Now we assume that k ′ n−1 < k n . Put q := max{m ∈ [1, n − 1] | k ′ n−m < k n }. Note that the Θ-filtration η ′ ∪ {ξ n } is almost the one we want, the only E-triangle that does not have its ordered multiplicity is precisely the ξ n . This can be rearranged by applying q-times Lemma 3.5 to η ′ ∪ {ξ n }.
(3) In order to construct Ξ, we use the ordered Θ-filtration η from (2). Our detailed process is as follows. For any i ∈ [1, n], we group the k i that are the same and rename them by λ i .
Therefore we obtain λ d < λ d−1 < · · · < λ 1 and then Θ(λ 1 ), · · · , Θ(λ d ) are the different Θ(j) appearing in the Θ-filtration η of M. We divide the filtration η into the following pieces
where q ∈ [1, d]. By Lemma 3.6, for any q ∈ [1, d], we have the following E-triangle
Hence, by setting Ξ 0 := η 0 and M ′ i := M α(i−1) for any i ∈ [1, d], we conclude that the filtration Ξ = {Ξ i } d i=0 satisfies the required conditions. Let (C, E, s) be an extriangulated category and Θ = {Θ(i)} t i=1 be a family of objects in C. We denote by Θ ⊕ the subcategory of C, whose objects are the finite direct sums of copies of objects in Θ.
Lemma 3.8. Let (C, E, s) be an extriangulated category and Θ = {Θ(i)} t i=1 be a family of objects in C. Then we have the following statements hold.
(1) F(Θ) = F(Θ ⊕ ).
(2) If C is an artin extriangulated R-category, then Θ ⊕ is functorially finite.
Suppose M ∈ F(Θ ⊕ ). We show that M ∈ F(Θ) by induction on m := ℓ Θ ⊕ (M ).
If m = 1, then M ∈ Θ ⊕ and hence M = n i=1 Θ(k i ) m i . By Lemma 3.2, we know that F(Θ) is closed under finite direct sums. Note that Θ(k i ) ∈ F(Θ), we get that M ∈ F(Θ).
If m > 1, then there exists an E-triangle
is closed under extensions (see Lemma 3.2).
(2) The proof given in [AS, Proposition 4.2] can be easily extended to the context of an artin extriangulated R-category.
Lemma 3.9. Let (C, E, s) be an extriangulated category, X , Y and Z be three classes of objects
The following result was proved by Ringel [R, Theorem 1] in case C is a module category, and proved by Mendoza-Santiago in [MS, Theorem 4.10] in case C is a triangulated category.
The proof we give here uses the extriangulated version of Gentle-Todorov's theorem due to He [H, Theorem 3.3 ]. More precisely, let (C, E, s) be an extriangulated category with enough projectives, X and Y be two covariantly finite subcategories of C. Then X * Y is a covariantly finite subcategory of C.
Theorem 3.11. Let (C, E, s) be an artin extriangulated R-category with enough projectives and enough injectives, and Θ = {Θ(i)} t i=1 be a family of objects in C, and let ≤ be a linear order on the set [1, t] such that E(Θ(j), Θ(i)) = 0 for all j ≥ i. Then F(Θ) = * t i=1 Θ ⊕ and it is functorially finite.
Proof. Put X := Θ ⊕ . We claim that F t (X ) = F(Θ). In fact, by Lemma 3.8, we have that F(X ) = F(Θ) and then F(Θ) = n∈N F n (X ).
Suppose M ∈ F(Θ), and we consider a Θ-filtration ξ of M. By Lemma 3.7(3), there exists a family of E-triangles
where {Θ(λ i )} d i=1 is the set of the different Θ(j) appearing in the Θ-filtration ξ of M , M ′ d = M and λ d < λ d−1 < · · · < λ 1 . Therefore M ∈ F d (X ) with d ≤ t. Since X is closed under isomorphisms and contain the zero object, by Lemma 3.10, it follows that F d (X ) ⊆ F t (X ).
Thus F(Θ) ⊆ F t (X ) and then F t (X ) = F(Θ) as required.
By Lemma 3.8(2), we have that X is functorially finite. Moreover, from Lemma 3.10 and the claim above, it follows that F(Θ) = * t i=1 X . Hence this result follows from [H, Theorem 3 .3] and its dual.
As a special case of Theorem 3.11, we have the following.
Corollary 3.12. [MS, Theorem 4 .10] Let C be an artin triangulated R-category with shift functor [1] and Θ = {Θ(i)} t i=1 be a family of objects in C, and let ≤ be a linear order on the set [1, t] such that Hom C (Θ(j), Θ(i)[1]) = 0 for all j ≥ i. Then F(Θ) = * t i=1 Θ ⊕ and it is functorially finite.
Proof. Since any triangulated category can be viewed as an extriangulated category with enough projectives and enough injectives.
Corollary 3.13. [R, Theorem 1] Let Λ be an artin algebra and mod(Λ) the category of finitely generated left Λ-modules, and Θ = {Θ(i)} t i=1 be a family of objects in C, and let ≤ be a linear order on the set [1, t] such that Ext 1 Λ (Θ(j), Θ(i)) = 0 for all j ≥ i. Then F(Θ) is functorially finite.
Proof. Since any module category can be viewed as an extriangulated category with enough projectives and enough injectives.
Next we introduce the notions of Θ-projective objects and Θ-injective objects.
